Conformal Gravity and the Radial Acceleration Relation by O'Brien, James G. et al.
ar
X
iv
:1
90
1.
01
22
8v
1 
 [p
hy
sic
s.g
en
-p
h]
  1
8 D
ec
 20
18
Received 05 December 2018; Revised 10 December 2018; Accepted xxx
DOI: xxx/xxxx
ARTICLE TYPE
Conformal Gravity and the Radial Acceleration Relation
James G. O’Brien*1 | Thomas L. Chiarelli2 | Mark A. Falcone3 | Muhannad H. AlQurashi3
1Department of Mathematics, Physics and
Computer Science, Springfield College,
263 Alden St., Springfield, MA, USA
2Department of Electrical and Mechanical
Engineering, Wentworth Institute of
Technology, 550 Huntington Ave., Boston,
MA, USA
3Department of Mechanical Engineering,
Wentworth Institute of Technology, 550
Huntington Ave., Boston, MA, USA
Correspondence
*Schoo-Bemis Science Center, 263 Alden
St., Springfield, MA, USA. Email:
jobrien7@springfield.edu
During the 2016 International Workshop on Astronomy and Relativistic Astro-
physics (IWARA), the question was raised as to if conformal gravity could explain
the timely result of McGaugh et. al. 2016 which showed a universal nature found
in the centripetal accelerations of spiral galaxies. At the time of the conference,
the McGaugh result was only published for two weeks. Since then, the result has
become known as the Radial Acceleration Relation (RAR) and has been considered
tantamount to a natural law. In this work, we summarize how conformal gravity can
explain the Radial Acceleration Rule in a fashion consistent with the findings of the
original authors without the need for dark matter.
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1 INTRODUCTION
The missing matter problem in large scale physics is one that
has been persisting through the turn of the century.With radio,
x-ray and optical telescope strengths increasing, data driven
observations of the rotation curves of spiral galaxies have
shown that the missing matter problem is not due to inadequate
technology. The most widely accepted explanation of the dis-
crepancy in rotation velocities of galaxies has been attributed
to Cold Dark Matter and can be modeled using formalisms
such as Navarro, Frenk, & White (1996). However, due to the
lack of direct observational detection, more authors than ever
have been exploring the possibility that the current Einstein
Gravity may be in need of a modification or replacement to
solve the missing matter problem. Although there are now
many potential alternative gravitational theories in the litera-
ture, we will focus our efforts here to Conformal Gravity (CG).
A summary of the history and context of CG will be discussed
in section 2.
Any viable theory (standard gravity with dark matter or an
alternative) must be able to address observational phenom-
ena. Aside from the flattening rotation curves which has been
ascribed to dark matter, there are other empirical relations that
are of interest to the field. For example, the Tully-Fisher (TF)
relation shows that for almost all observed rotation curves,
there exists the relationship of 푀푑푖푠푘 ∝ 푣
4
푂퐵푆
in the outer
regions of spiral galaxies. Recently, a new empirical phenom-
ena was discovered by McGaugh, Lelli, & Schombert (2016)
which shows a strong correlation between the predicted cen-
tripetal accelerations due to luminous Newtonian matter alone
(푔푏푎푟) and the observed centripetal accelerations (푔푂퐵푆). Here,
the centripetal accelerations are the usual 푔푂퐵푆 =
푣2
푂퐵푆
푅
for
a given observed velocity data point 푣푂퐵푆 at a distance 푅
from the center of the galaxy. Taking these values with a cor-
responding expectation value of the centripetal accelerations
푔푏푎푟 =
푣2
푏푎푟
푟
, across every point in a rotation curve (and then
across a survey of rotation curves), one can create a plot of
the points (푔푏푎푟, 푔푂퐵푆). When viewed at an appropriate scale
(see Lelli, McGaugh, Schombert, & Pawlowski (2017) ), the
(푔푏푎푟, 푔푂퐵푆) plot highlights the correlation between observa-
tion and prediction of the luminous matter, and has become
known as the Radial Acceleration Relation (RAR). Further, a
fitting function is used,
푔푂퐵푆 =  (푔푏푎푟) = 푔푏푎푟
1 − 푒−
√
푔푏푎푟∕푔†
, (1)
where 푔† = 1.2 ∗ 10
−10푚푠−2 is the best fit free param-
eter found by McGaugh et al. from the chosen data set.
The correlation described in Equation (1) is independent
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of any given theory, and should also be minimally1 cou-
pled to any data set. McGaugh et. al. used the Spitzer Pho-
tometry and Accurate Rotation Curves (SPARC) database
(Lelli, McGaugh, & Schombert (2016)) spanning a diverse
population of 153 galaxies with a total of 2693 data points. One
conclusion of McGaugh et al. (2016) is that eq. (1) can be used
to constrain the dark matter required in rotation curve physics
since there is not a one to one correlation between 푔푂퐵푆 and
푔푏푎푟, namely that 푔푑푚 = 푔푂퐵푆 − 푔푏푎푟 . Another conclusion dis-
cussed in McGaugh et al. (2016) is that the correlation seen in
the plots of (푔푏푎푟, 푔푂퐵푆) may point towards new physics that
could explain the phenomena and the apparent emergence of
a fitting relation eq. (1). It is this latter conclusion that will be
explored in this review, namely how conformal gravity could
describe the new physics required in the RAR.
2 REVIEW OF CONFORMAL GRAVITY
ROTATION CURVE FITTING
Conformal Gravity, also known originally as Weyl Gravity,
has enjoyed success in recent years in its ability to describe
and predict rotation curve physics without the need for dark
matter. The total number of galaxies fit by CG has now been
expanded to over 230 with a diverse range of morphologies.
It is no surprise that CG yields a different prediction for large
scale physics than standard gravity since CG is derived from
the variation of the action of the conformal Weyl Tensor퐶휆휇휈휅
,
 = −훼푔 ∫ 푑4푥(−푔)1∕2퐶휆휇휈휅퐶휆휇휈휅 , (2)
as opposed to the standard Einstein-Hilbert Action. Since there
are terms shared by the Weyl Tensor and the Reimmann Ten-
sor, many properties of standard gravity will emerge in the
equations of motion along with some new dynamics. The
resulting field equations can be solved for the CG equivalent
of a Schwarzchild Metric and then applied to the morphology
of a galaxy. The resulting formula in CG where the predicted
velocity is a function of the distance from the center of the
galaxy can be modeled as:
푣퐶퐺(푅) =
√
푀
푀⊙
푣2
푔푟
(푅) +
푀
푀⊙
퐹 (푅) +
훾0푐
2푅
2
− 휅푐2푅2,
(3)
such that
퐹 (푅) =
훾∗푐2푅2
2푅0
퐼1
(
푅
2푅0
)
퐾1
(
푅
2푅0
)
. (4)
1We note here that the value McGaugh et al. obtained for 푔† is directly related
to the data set chosen, as well as any assumptions that may have gone into the fitting.
Specific details will follow in section 3.
In eq. (3), 푣푔푟 is the standard formula of Freeman (1970).The
constants in eq. (3) are 훾∗ = 5.42푒−41푐푚−1, 훾0 = 3.06푒
−30푐푚−1
and 휅 = 9.54푒−54 푐푚−2, 푀 is the mass of the galaxy (mea-
sured in solar masses 푀⊙) and 푅0 is the disk scale length of
the galaxy. The complete derivation of eq. (3), as well as the
determination of the constants (independent of any particular
galactic survey) can be found inMannheim & O’Brien (2012).
Other features of the fitting process, such as inclusion of bulges
when applicable and galactic gas are assumed, and details can
be found in Mannheim & O’Brien (2011).
3 THE RAR PLOTS IN CONFORMAL
GRAVITY
Since the RAR is independent of any galactic survey, then
without loss of generality, we present a selection of 40 galax-
ies2, consisting of 1614 data points. These particular galaxies
were chosen to span the full range of galactic rotation curves
from large bulged spirals to small gas dominated dwarfs.
The chosen set includes ultra high resolution data from the
THINGS and LITTLE THINGS galaxies which were not
included in the SPARC collection. Figure 1 shows the 1614
data points plotted as (푔푁퐸푊 , 푔푂퐵푆) as in McGaugh et al.
(2016). The authors here choose to use the notation of 푔푁퐸푊 =
푣2
푔푟
푅
= 푔푏푎푟 instead of 푔푏푎푟 as inMcGaugh et al. (2016) for a cou-
ple of significant reasons. First, the data presented here does
have some overlap with SPARC, but since different galaxies
were used, we wanted to distinguish between the two sets. Sec-
ond, in constructing the fits shown in this work, the authors
here did not restrict mass to light ratios as in McGaugh et al.
(2016). Instead, the Nasa Extragalactic Database (NED) aver-
age distances (using cepheids when available) were used to
generate the mass fitting, and all masses for the 40 galax-
ies were found to be of order unity. This is a contrast with
McGaugh et al. (2016) who chose to restrict the mass to light
ratios,
푀⊙
퐿⊙
= .7 for HSB galaxies and
푀⊙
퐿⊙
= .5 for LSB galax-
ies.
Figure 1 shows the correlation between the luminous mat-
ter prediction and observation, where standard gravity would
still require dark matter to overcome the discrepancy, 푔푑푚 =
푔푂퐵푆 − 푔푁퐸푊 . However, we wish to test the conclusion of
McGaugh et. al. that perhaps new physics could explain the
apparent correlation using conformal gravity. Applying eq. (3)
to rotation curves in general has proven successful for the 230
plus galaxies fit by conformal gravity. The linear and quadratic
terms that appear in the velocity prediction are unique to CG
2of the 40 galaxies chosen, 15 galaxies are high surface brightness (HSB) con-
sisting of 909 points and 25 galaxies are low surface brightness (LSB) consisting of
705 points to create a fairly robust and balanced overall set.
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FIGURE 1 Plot of the 1614 (푔푁퐸푊 , 푔푂퐵푆) points for the 40
galaxy sample. The solid line is the line of unity.
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FIGURE 2 Plot of of the same 1614 points shown in Fig.1
with the CG prediction overlaid.
and depend only on constants and the relative mass of the sys-
tem. There are no other free parameters that can be changed
or modified when modeling. Using eq. (3) one can generate
푔퐶퐺 =
푣2
푐푔
푅
. We show the results across the 1614 data points in
two ways. Figure 2 shows the same data in Fig. 1 in blue,
but with the conformal gravity prediction 푔퐶퐺 overlaid in pur-
ple. This plot shows that the CG prediction almost completely
covers the data. Figure 3 shows an alternative method for
viewing the CG prediction. In Fig. 3 , we replace the x axis of
the standard plot with 푔퐶퐺 instead of 푔푁퐸푊 to plot the points
(푔퐶퐺, 푔푂퐵푆). This plot is illustrative since CG makes different
predictions than standard gravity. Hence, the RAR plot for CG
should be the one constructed in Fig. 3 .
4 DISCUSSION AND EXTENSIONS
The plots shown in Fig.3 highlight how CG can capture the
essence of the Radial Acceleration Relation without the need
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FIGURE 3 Plot of the 1614 (푔퐶퐺, 푔푂퐵푆) points for the 40
galaxy sample. The solid line is the line of unity.
for dark matter. Further, since CG both covers the data in Fig.
1 and makes a prediction in Fig.3 that shows the correla-
tion to be a one to one relation between luminous matter alone
푔퐶퐺 and observation 푔푂퐵푆 , there is no need for an equivalent
to eq. (1) in CG. Instead, with the absence of dark matter, CG
predicts that 푔푑푚 = 푔푂퐵푆 − 푔퐶퐺 = 0 . This can be seen in
Fig. 3 where 97% of the 1614 points lie along the line of
unity. This fact is not only supportive of the claim that CG
can describe the RAR, but without a fitting function as in eq.
(1), one does not have to worry about a specific value of a
fitting parameter 푔†. This is important since the phenomena
should be independent of a chosen data set. It was shown in
O’Brien, Chiarelli, & Mannheim (2018) that depending on the
masses and distances used, the value for 푔† can vary by up to
a factor of four, thus adding to the universal power of confor-
mal gravity. To illustrate how the individual rotation curve of
each galaxy is used in constructing the RAR plots, we present
in Figure 5 , the fits of eight of the chosen galaxies. The rota-
tion curve of each galaxy in Figure 5 is followed (below)
by a plot showing the respective data points contributions to
the (푔푁퐸푊 , 푔푂퐵푆) as well as its contribution to the plot of
(푔퐶퐺, 푔푂퐵푆). SinceMcGaugh et al. (2016) used eq. (1) to show
the universal trend in the overall data, we present in each fit
how eq. (1) applies to each individual galaxy for this data set
(using the NED distances and derived masses from fitting as
described above).
Since the RAR is an empirical finding, a theorywhich explains
the RAR should also be able to explain other empirical trends
in the data. To this end, we present in Fig. 4 a plot of the Tully
Fisher relationship3 for the last data point of the 40 galaxy
sample. The authors chose to express this plot as 푣 ∝ 푀
1
4
so that the velocities natural error can be retained. The last
3It should be noted that we are using the Baryonic Tully Fisher relationship
(BTF), which uses the full mass of the galaxy (stars, gas and bulge). See McGaugh
(2012) for more details.
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FIGURE 4 The Baryonic Tully Fisher (BTF) plot for the last
data points of the 40 galaxy sample, using the CG predicted
mass. Data points are displayed with their natural error. The
solid green line shows 푣 = 푀
1
4 while the orange dashed plot
shows the exact CG prediction.
data point of the galaxy is used since this typically represents
the flat region of large spiral galaxy rotation curves, or the
end of the rise of dwarf galaxies. The Tully Fisher plot shows
that the data is consistent with the typical 푣4 ∝ 푀 relation
(shown in green in the figure), but does show deviation in
some of the larger spirals. This deviation could be explained
either by true prediction, or by using an adjusted mass for a
given rotation curve. The conformal gravity prediction can be
obtained by raising eq. (3) to the fourth power while ignor-
ing the quadratic term. One can then take a distance outside
the rise and show that 푣4 = 퐵(푀∕푀⊙)(1 + 푁
∗∕퐷)) with
푁∗ being the dimensionless number of stars in the galaxy.
The constants 퐵 = 2푐2푀⊙퐺훾0 = 0.0074 km
4s−4 and 퐷 =
훾0∕훾
∗ = 5.65×1010 thus showing that for a small dwarf galaxy,
푣4 ∝ 푀 and the deviation comes when the number of stars is
competitive with퐷. Figure 4 shows the full CG prediction in
orange. The fact that conformal gravity predicts a divergence
from a pure 푣4 ∝ 푀 is quite important for testing the theory
against other possible alternatives. Since the departure from
푣4 behavior lies in the largest of spiral galaxies, more recent
data such as that found in Genzel et al. (2017) could be used
to evaluate the limits of the prediction. This point is doubly
important when performing rotation curve physics, since all
fitting of rotation curves is sensitive to the distance measure-
ment of the particular galaxy. Since the Tully Fisher relation
has long been established, it is sometimes (usually for dwarf
galaxies) assumed and then used to estimate the distance. This
can become a circular argument that could be misleading when
testing a theory.Work on elaborating the departures from Tully
Fisher as well as avoiding its use for both mass fitting and
distance estimates will be featured in a future work.
5 CONCLUSIONS
The Radial Acceleration Relation has added a new observa-
tion about rotation curve fitting. It is an empirical feature of
the data which can be used to help constrain the dark mat-
ter parameter space, as well as challenge an alternative theory
which would explain the current dark matter paradigm with
new physics. In this work, we have selected a random, diverse
population of galaxies and applied conformal gravity to the
set, and have shown that CG can capture the Radial Accelera-
tion Relation. Further, if we posit that CG is the new physics
responsible for the RAR, then the predictions shown in Fig. 3
highlights that CG explains the RAR without the need for dark
matter or a fitting function as in eq. (1). Application of CG to
the Baryonic Tully Fisher relation, further establishes how the
theory can accommodate all of the current empirical findings
in spiral galaxy physics. Conformal gravity fitting has recently
been extended to include the entire SPARC set so that the data
can be tested on a one to one basis and will be published in
a future paper. The authors would like to thank IWARA for
a warm welcome, and to thank the audience at IWARA 2016
who helped inspire this work. The authors hope that this work
highlights the importance of these international meetings and
collaborations.
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FIGURE 5 Fitting to the rotational velocities (in km sec−1) of the selected eight galaxy sample with their reported errors as
plotted as a function of radial distance (in kpc) is given in rows one and four. The dashed line shows the luminous Newtonian
contribution, while the full curve is the conformal gravity fit. Rows two and five show the respective contributions of the eight
galaxies to Fig. 1 , and rows three and six show their respective contributions to Fig. 3 .
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